Abstract--An adaptive back-stepping control (ABC) is originally applied to a linearized model of an active magnetic bearing (AMB) system. Our control objective is to regulate the deviation of the magnetic bearing from its equilibrium position in the presences of an external disturbance and system uncertainties. The ABC consists of a recursive Lyapunov controller and adaptive laws. It is based on full-state feedback, for which all three states in the linearized AMB model (velocity, position, and current) are estimated to construct the control law. It is proved that the adaptive back-stepping controlled AMB system is asymptotically stable around the system's equilibrium points. Simulation results verify the effectiveness and robustness of the ABC against external disturbances and system uncertainties.
I. INTRODUCTION
lywheel energy storage system (FESS) is an excellent alternative to chemical battery for its reliability and cost-effectiveness. It stores kinetic energy by accelerating a high speed rotor. When FESS slows down, the energy is extracted and converted back to the electricity. The amount of energy is proportional to the rotor's mass and the square of spinning speed of the rotor. An important component in FESS is magnetic bearing, which supports moving machinery without physical contact. The magnetic bearing has two categories: passive and active ones. A passive magnetic bearing is composed of permanent magnets and its output flux cannot be controlled while an active magnetic bearing (AMB) is made of electromagnets and the output flux can be adjusted by changing the current on the coil. Therefore, AMB is more popular in FESS than passive magnetic bearings due to its controllable output flux.
Because of its high-speed rotation and small air gap between the rotor and stator, a large deviation of the rotor from its equilibrium position in the AMB may cause the failure of the operation. Therefore the control of the rotor position becomes a crucial problem. Different control approaches have been reported for regulating the rotor position of AMB systems. PID control in [3] [4] [5] is a typical and efficient method to stabilize the rotor. Other than PID, Least Quadratic Regulator (LQR) control is designed and realized in a small- size prototype AMB in [6] . It is discovered in [7, 8] that the centralized controllers for entire FESS have better performance than decentralized ones. However, the disadvantage of the centralized controller is being time-consuming and having computational burden. Self-sensing control of AMB is introduced in [9] [10] [11] [12] . Self-sensing refers to the controller design in the absence of an extra position sensor. The position displacement thus needs to be controlled by measuring the bearing coil current. A novel approach called Active Disturbance Rejection Control (ADRC) developed in recent years is simulated on a self-sensing AMB system in [2, 12] . The ADRC implements a high external-force-disturbance-rejection capability with the absence of position sensors just by tuning the bandwidths of controller and observer in coordination. However, a disadvantage of the ADRC controlled AMB system is that it would cause a steady-state error for the rotor position [12] .
In this paper, an adaptive back-stepping control method is applied to a linearized model of the AMB. Adaptive back-stepping control (ABC), which is developed in recent decades [13] , is an advanced control approach associated with feedback control, Lyapunov stability and adaptive control. ABC has been applied to inverted pendulum, robot manipulator, jet engineering and aircraft wing rock, helicopter, and induction motor drive [13] [14] [15] [16] [17] [18] [19] [20] . It is also shown in [17] that the ABC is superior to PI controller in robustness. In [19, 20] , the ABC is combined with neural and fuzzy integral action. In this paper, we originally applied ABC to the AMB system. The control system's global stability is verified by Lyapunov's direct method during the process of control law design. In addition, the ABC proposed in this paper is robust against both external disturbance and parameter variations while the reported ABC in [14] [15] [16] [17] [18] [19] [20] only estimates and compensates the variations of system parameters. Moreover, the ABC is constructed based on position feedback. There is no steady-state error in the displacement of the rotor.
The rest of this paper is organized as follows. The dynamic modeling of the AMB system is given in section II. The design of ABC and AOBC is presented in section III. The stability and robust analyses are demonstrated in section III as well. The simulation results are shown in section IV. Concluding remarks and future research are presented in Section V. Fig. 1 shows a simple magnetic actuator model. In Fig. 1, I is the coil current, g is air gap, N is the number of coil rounds on the core, g A represents the cross-section area and g is the Adaptive Back-stepping Control of Active Magnetic Bearings
II. DYNAMIC MODELING OF AMB SYSTEM
Lili Dong, Member, IEEE, Silu You, Student Member, IEEE F air gap, l is the length of the path enclosing a surface through which the current flows. The magnetic field generated by the current will create an upward force. (1), where H is the magnetic field, which involves the flux density B , s n is the number of the segments through the path l in which H is constant, and c n is the number of different coils.
A one-degree-of-freedom AMB model is shown in Fig. 2 . In Fig. 2 , F d is a disturbance force on the rotor, F 1 and F 2 are two opposite electromagnetic forces, whose values are calculated through (7) . The rotor in the middle of two cores is levitated and rotates in a plane perpendicularly to the figure. We can adjust the input voltage u 1 and u 2 to control the two currents i 1 and i 2 so as to determine the resultant force. In Fig.  2 , the displacement of rotor from nominal position x 0 is x, and m is the rotor's mass. According to Newton's law, we have
In Figure 2 , x 1 and x 2 are the air gaps between the rotor and left and right stators respectively. Replacing g in (7) with x 1 and x 2 separately, we can derive the two electromagnetic forces F 1 and F 2 as follows
where
According to Kirchoff's Voltage Law (KVL), we have
In (10), R is coil resistance, s L is the self inductance of coil, and 
1 0
Substituting (11) through (13) into (10) and substituting (9) into (8), we will have a nonlinear system model given by 2 2
We use Jacobian transformation to linearize the nonlinear model (14) around equilibrium states. The linearized state equations are given by (15) and (16) . The state matrix is represented by A.
Electromagnets are biased with a current i 0 . According to [9] , as the current i 0 is constant, the bias voltage caused by the coil resistance R is u 0 = R i 0 . As the current i 0 is varying, the relationship between i 0 and u 0 is given by (16) .
The values of the system parameters are listed in Table I . . Since there is a positive eigenvalue for A, the system is inherently unstable. A controller is crucial to stabilize the AMB.
III. CONTROLLER DESIGN AND STABILITY PROOF
Since AMB is an unstable system, the primary control objectives are to stabilize the AMB and to drive the position of the rotor to its equilibrium point in the presences of external disturbance and system uncertainties. It is also desired that disturbance be estimated accurately so it can be canceled in the control effort.
System model
Adaptive back-stepping controller consists of two parts: back-stepping controller and adaptive laws. The back-stepping controller is used to stabilize and control rotor's position. Adaptive law estimates the disturbance. In the design of ABC, it is assumed that the system is in a basic form given by (17). 
In (17),
and g only depend on the previous state variables that are fed back to the current states. When we design the ABC, the state equations of AMB system should be transformed to the form like (17) . Then (15) can be rewritten as
For creating a "strict feedback form", (18) can be transformed into (19) , (20) and (21), where
In (19), (20) and (21), the disturbance force and control effort are defined as θ= (F s /bm)=0.023, u'=eu respectively. In (20) and (21), φ 1 and φ 2 are defined as
, and
ABC design and stability proof
Our control goal is to regulate the position of the rotor x 1 in the presence of disturbance. In (19), we suppose that the virtual control x 2 can be used to drive x 1 to zero. Then we take ). However, since there is an error between x 2 and α 1 , we need to construct new state space equations called "error system" whose states are the differences between the real states and their stabilizing functions. The error states should be driven to zeros. The control goal then becomes asymptotically stabilizing all the states of the error system. We consider the displacement x 1 as the first state z 1 of the error system, hence 1 1 
Since (22) is the CLF for (19) and (20), our task is to find a suitable input denoted by the virtual control x 3 to make the derivative of (22) negative definite so that the two terms z 1 and z 2 will be driven to zero eventually. Even if the derivative is negative semi-definite, LaSalle-Yoshizawa theorem shows that x 1 will still be driven to zero. With (19) and (20), we can calculate the derivative of (22), which is
We choose x 3 as virtual control signal. If the second stabilization function is given by ( )
where u' is chosen as '
Then the derivative of the CLF (26) of the system can be rewritten as
which means the derivative of the final CLF is negative semi definite. So the control goal is achieved. The above procedure is under the consumption that no external disturbance exists. If there is one, we will have to generate an adaptive law to estimate the disturbance so as to compensate it. The estimated disturbance will be functioning as additional feedback information in control law. The details about disturbance estimation are given as follows.
Let disturbance be θ, and estimated disturbance be .
We 
The above equation is the final ABC which includes three-state feedback. According to Lyapunov theorem, the AMB system controlled by ABC is stable.
IV. SIMULATION RESULTS
Using the system parameters shown in Table 1 , we construct the ABC controlled AMB system in Matlab/Simulink. The disturbance is added to the system as a step input at 1 second. All the initial values of state variables are assumed as zeros. The closed-loop ABC controlled AMB system is illustrated in Fig. 3 , where r represents the reference signal for displacement, u (u=u') is the control effort given by (39), and states are three state variables x, v, and i. 
Tracking performance and disturbance estimation
In the following part, two sets of simulation results are given with different Lyapunov back-stepping coefficients (LCs) ( respectively. From Fig. 4 , it is observed that the peak value of rotor's displacement is driven to less than 0.7 mm that can guarantee the rotor not touching stator. If we set simulation time long enough, the displacement will converge to zero eventually, and estimated disturbances will also reach its actual value. We also find out that by increasing LC values without changing ACs, the overshoot of the displacement could be reduced. . We increase γ 1 (the first AC value) from 1 to 3000, and decrease the second AC value (γ 2 ) from 1 to 0.1. The simulation results for different ACs are shown in Figures 7, 8 , and 9. In these figures, we can see that increasing AC values can increase the estimation speed of external disturbance. As a consequence, the settling time of the displacement responding to the disturbance is reduced, and the peak value of displacement is limited within 0.1 mm. In addition, the load disturbance is successfully estimated by two adaptation laws. As shown from Figures 4 through 9, the displacement of the rotor in AMB has been successfully controlled to almost zero without steady-state error by the ABC with different LCs and ACs.
B. Robustness of ABC
In the following simulation, ABC's robustness is tested by changing the system's parameters (a, b, c, and d), which are defined in (18) 
V. CONCLUDING REMARKS
An adaptive back-stepping control (ABC) is introduced to regulate the AMB's position with a disturbance force on its rotor. Our control objectives are to stabilize the closed-loop system and to regulate the displacement of rotor in the presences of the disturbance and system uncertainties. Lyapunov method proves the stability of the control system despite the presence of disturbance. Simulation results verify the effectiveness and robustness of the control system. The estimation of the disturbance is also successfully completed via adaptive laws. The ABC method introduced in the paper can also be applied to other nonlinear system models only if those systems are given as, or can be transformed to the basic form given by (17) .
In the future, a study about how to accurately choose Lyapunov coefficients will be conducted since their variations influence the system's performance. We also plan to implement the ABC system on a real AMB system of the flywheel in NASA Glenn Research Center at Cleveland, OH. 
